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ABSTRACT 

In many r e c e n t  papers  concerned w i t h  providing an expla- 
n a t i o n  for  t h e  geomagnetic anomaly, agreement w i t h  measured 
da ta  has  been obtained from the equat ions  of motion f o r  elec- 
t r o n s  and i o n s  when used w i t h  an empir ica l  boundary condi t ion ,  
whereas poor agreement has r e s u l t e d  from a t tempts  t o  numeri- 
c a l l y  i n t e g r a t e  t h e  commonly employed form of the  c o n t i n u i t y  
equation. We have been a b l e  t o  exp la in  t h i s  discrepancy by 
demonstrating t h a t  the assumptions used to der ive  t h i s  f a r m  of 
t h e  con t inu i ty  equat ions do not agree  w i t h  observat ion.  

Since the equat ions of motion do provide a f avorab le  
d e s c r i p t i o n  for  t h e  geomagnetic anomaly, w e  have s t u d i e d  t h e  

p o s s i b l e  phys i ca l  models leading t o  t h e  form of the equat ions  
used, and found t h a t  although f i e l d  a l igned  d i f f u s i v e  equ i l ib -  
r i u m  provides  the correct form, a more reasonable  assumption 
concerning e l e c t r o n  and i o n  c o l l i s i o n s  w i t h  n e u t r a l s  a l s o  l e a d s  
t o  t h e  same r e s u l t .  We have then been a b l e  t o  provide a more 
r e a l i s t i c  t h e o r e t i c a l  desc r ip t ion  of t h e  geomagnetic anomaly 
by employing an a n a l y t i c  form f o r  the  boundary cond i t ion  which 
is i n  better agreement w i t h  measurement than  those previously 
used 

F i n a l l y ,  by combining t h e  equat ions  of motion for  n e u t r a l s ,  
e l e c t r o n s  and ions ,  w e  have been a b l e  t o  i n d i c a t e  geomagnetic 
c o n t r o l  fo r  the n e u t r a l  atmosphere i n  the lower F r eg ion  of t h e  
ionosphere,  a l though the  exact  shape of t h i s  d i s t r i b u t i o n  is 
unknown . 



INTRODUCTION 

I n  recent months, i t  has become inc reas ing ly  evident  t h a t  
some confusion e x i s t s  i n  the understanding of t h e  b a s i c  phys ica l  
mechanisms governing d i f f u s i o n  and t h e  ex i s t ence  of t h e  geomag- 
n e t i c  anomaly i n  t h e  ionosphere. Th i s  apparent confusion a r i s e s  
by comparison of the  work of Chandra (1964), ( t o  be r e f e r r e d  t o  
a s  C - I ) ,  i n  which it is shown t h a t  t h e  assumption of ambipolar 
d i f f u s i o n  along a f i e l d  l i n e  cannot l ead  t o  geomagnetic c o n t r o l  
of t h e  charged p a r t i c l e s ,  and such papers  a s  Goldberg and 
Schmerling (1962, 19631, ( t o  be r e f e r r e d  t o  a s  GS-I azd GS-11), 
and Goldberg, Kendall ,  and Schmerling (1964), ( t o  be r e f e r r e d  
t o  a s  GKS), i n  which t h i s  process does appear t o  produce geo- 
magnetic c o n t r o l  of t h e  charged p a r t i c l e  dens i ty  i n  t h e  iono- 
sphere . 

The purpose of t h i s  paper is t o  descr ibe  and r e so lve  t h e  
confusion which e x i s t s  i n  t h e  f i e l d  a t  t h i s  moment, and then  t o  
poin t  ou t  t h e  new problems with which w e  must contend i n  order  
t o  d e r i v e  and apply t h e  d i f fus ion  equat ion t o  ionospheric  prob- 
l e m s  correctly. I n  add i t ion ,  a section w i l l  be devoted t o  an 
improved t h e o r e t i c a l  desc r ip t ion  of the  geomagnetic anomaly by 
us ing  an a n a l y t i c  expression for t h e  v e r t i c a l  e l e c t r o n  dens i ty  
d i s t r i b u t i o n  a t  t h e  equator which is  more i n  accordance wi th  
measurement than  t h e  simple Chapman type d i s t r i b u t i o n  employed 
i n  GKS. 

FUNDAMENTAL EQUATIONS Ahr) DEFINITIONS 

The major cause of confusion appears  t o  l i e  i n  t h e  appl i -  
c a t i o n  of two phrases ,  v i z .  ambipolar d i f f u s i o n  and d i f f u s i v e  
equi l ibr ium. L e t  us  i n v e s t i g a t e  and d i s c u s s  each of t h e s e  terms 
t o  determine how loose usage of them has led t o  some of t h e  

c u r r e n t  problems of misunderstanding. 
I n  t h e  normal sense ,  ambipolar d i f f u s i o n  r e f e r s  t o  a plasma 

i n  which t h e  lzegative ( e l e c t r o i s )  and p o s i t i v e  ( 1 0 ~ s )  charges do 
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not move indeperdently due to the influence of the electric 
field caused by their Coulo.mb interactions. In this medium, 
the electrons and ions drift in pairs and this motion of 
electron-ion pairs is referred to as ambipolar diffusion. The 
condition for ambipolar diffusion in a neutral plasma is thereby 

-4 + - 4 ve - vi = v 

where 3 is macroscopic velocity and the subscripts e and i 
refer to electrons and ions respectively. When 

. 
- 1  . 

the condition for diffusive equilibrium is satisfied. 
The implications of (1) are quite straightforward, as shown 

in C-I. In an isothermal atmosphere and in the presence of a 
magnetic field, this requires Vx(3d)  = 0 .  

assumption of field aligned plasma diffusion (“vd = 0 )  can only 
be satisfied for the trivial case, v = 0 ,  resulting in a hydro- 
static distribution of electron density independent of geomag- 
netic latitude. 

In particular, the 

-4 

On the other hand, favorable comparison between Alouette 
topside sounder measurements and theoretical calculations of 
the geomagnetic anomaly has been obtained in GKS by assuming 
conditions of ambipolar diffusion and diffusive equilibrium 
along field lines, thereby indicating a possible conflict with 
the results in C-I. The problem resolves itself once one investi- 
gates the meaning of ambipolar diffusion and diffusive equilib- 
rium in the GKS sexse. 

I 

Let us first write the general equations of motion for 
neutrals, electrons and ions, respectively, where the subscript 
n refers to neutrals. Following C-I: 
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n.m.m 
4 

(3 1 i i n  4 
n m m  

v e n  Gn-ve) + 
m + mn mi + mn 

e e n  

e 
v i n  (;,-vi) = - ~ p  n + n n n  m "g 

4 4 
n m m  e e n  
m + mn e 

4 
n.m m l e i  
me + mi 

Ge-vn) = - ~ p  + n m g 'en e e e  
(Ge-vi) + 'e i 

+ 1 1 n  4 4 
n . m . m  

mi + mn 

n . m . m  l i e  

me + mi 
Vei Gi-ve) + v i n  (Gi-vn) = -vpi+ n i i  m g 

+e ni(b + Gi x 8 )  ( 5 )  

where n is number dens i ty ,  vkR is t h e  c o l l i s i o n  f r e q u e n w  between 
t h e  kth and L t h  p a r t i c l e ,  m is mass, p is pressure ,  2 is grav- 
i t a t i o n a l  a c c e l e r a t i o n ,  e is  the abso lu te  value of e l e c t r o n  
charge,  b is electr ic  f i e l d ,  and 3 is magnetic f i e l d .  
equat ions  (3) - ( 5 )  i t  is assumed t h a t  - = - 

I n  w r i t i n g  
V&k V k i  . 
nk n i  I n  the  fol lowing w e  assume t h a t  t h e  plasma is i n  a quasi-  

n e u t r a l  s t a t e  

and t h a t  the  e l e c t r o n s ,  i ons  and n e u t r a l s  obey the  i d e a l  gas 
law i n  the  imosphere, 

= n.k T 
'j J J  ( 7 )  
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where k is  Boltzmann's cons tan t  and T is temperature .  
more, w e  assume thermal equi l ibr ium,  i .e.  

Te = Ti = T 

Then, 

Pe = P i  = P 

I n  a d d i t i o n ,  w e  assume f o r  s i m p l i c i t y  t h a t  

+ 
vn M 0 

Then summation of (4) and ( 5 )  provides  

mnmiN + v = -2Vp + N(me+mi)g + ' in i mnmeN - +  
mi + mn 'en 'e 

me + mn 

where 3 is cu r ren t  dens i ty ,  def ined  a s  

3 3 = N e  (Gi - v6) 

Further-  

( 8 )  

Since w e  are i n v e s t i g a t i n g  ambipolar d i f f u s i o n  and d i f f u s i v e  
equ i l ib r ium i n  the GKS sense ,  i t  is d e s i r a b l e  t o  w r i t e  t h i s  

equat ion  i n  component f o r m  a long a f i e l d  l i n e  a s  

4 n i  4 - P  v A =  [- -2kTVN + (me+mi>ii].~ (13) m m  m m  

e 
'in i v Ji+ n e  

m + mn 'en e mi + mn 

where is a u n i t  vec to r  i n  t h e  d i r e c t i o n  of t h e  magnetic f i e l d .  
L e t  u s  w r i t e  (13) i n  more f a m i l i a r  form by us ing  

. 
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me << mi, mn (14) 

and d e f i n i n g  t h e  s c a l e  height  of t h e  ion izab le  c o n s t i t u e a t  a s  
Hi, where 

Also, f o r  convenience, w e  make t h e  approximation 

m = mi I? (16) 

Then 

F i n a l l y ,  w e  write 

where Pr and ?* a r e  u n i t  vec tors  i n  t h e  r and 8 d i r e c t i o n s  and 
I is t h e  magnetic d i p  angle ,  reckoned p o s i t i v e  when t h e  no r th  
seeking pole  of t h e  needle poin ts  downward. N o w ,  i f  w e  t reat  
ambipolar d i f f u s i o n  i n  t h e  GKS sense ,  w e  simply imply t h a t  t h e  
e l e c t r o n  and ion v e l o c i t y  components i n  t h e  f i e l d  d i r e c t i o n  a r e  
equal ,  i .e. 

4 4 . I; = vi . -i; = v 
ve 1 1  

Applying (18) and (19) i n  (171, w e  o b t a i n  
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where 

Assuming t h a t  

m.v 
1 i n  m v  e en 

2 +4 pv = 

meVen 

because of (141, we may write 

Equation (20) is a f a m i l i a r  r e s u l t  der ived i n  such papers a s  
Kendall  (1962) and GS-11. However, i t  is c l e a r l y  not t he  r e s u l t  
of ambipolar d i f f u s i o n ,  which is given by (l), but  i n s t e a d ,  t h e  

r e s u l t  of a s ta tement  concerning t h e  f i e l d  l i n e  components of 
e l e c t r o n  and ion  v e l o c i t i e s  given by (19). 

If we now demand 

v = o  
1 1  

which is the  s ta tement  implying d i f f u s i v e  equi l ibr ium along a 
f i e l d  l i n e  i n  t h e  GKS sense ,  w e  o b t a i n  t h e  f a m i l i a r  equat ion 

1 aN 1 cos I jg = s i n  1 (- - + -) + Nr a e  
, N a r  2Hi 

(25) 

which can a l s o  be w r i t t e n  a s  

. 
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provided w e  recognize t h a t  r and 8 a r e  not independent i n  
but  r e l a t e d  by t h e  d ipo le  f i e l d  cond i t ions  

(25) 

r = r s i n 2  e 
0 

and 

t a n  I = 2 cot 8 (28) 

I t  is evident  t h a t  (26) can only be t r e a t e d  i n  t o t a l  deriv- 
a t i v e  form i f  t h e  i n t e g r a t i o n  is c a r r i e d  out  along t h e  f i e l d  
l i n e .  

Statements concerning t h e  components of vec to r s  i n  a par- 
t i c u l a r  d i r e c t i o n ,  such a s  (19),  do not  imply any condi t ions  
on the  t o t a l  vec tor .  As a r e s u l t ,  (25) has not requi red  t h e  
assumption of any r e s t r i c t i o n s  on t h e  behavior of t h e  v e l o c i t y  
components normal t o  t h e  f i e l d  l i n e s .  

Equation (26) has been the  b a s i s  of descr ib ing  geomagnetic 
c o n t r o l  i n  t h e  upper F-region i n  GKS paper. Although (26) 
has been der ived assuming d i f f u s i v e  equi l ibr ium along a f i e l d  
l i n e ,  i t  is  unders i rab le  t o  apply t h i s  concept because i t  is of 
pure ly  hypothe t ica l  nature .  
t o  f i n d  a more r e a l i s t i c  j u s t i f i c a t i o n  fo r  (26). 

We now i n v e s t i g a t e  o the r  assumptions 

L e t  us rewrite (17) a s  

* 
1 

(29) 
VN r m.v 

1 i n  
i = -kT( jj- ++.Ti 
1 1  1 

+ 4  V 
meVen 

2 e 
1 1  

We f i n d  two ways f o r  t h e  r i g h t  hand s i d e  of (29)toapproach zero.  
The f i r s t  imposes a new condi t ion on t h e  v e l o c i t i e s ,  v i z :  . 
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m v  V 

2meven 
4 - i in i ve - - 

or 
mivinvi 

v = -  11 

e 11 2meven 

a result which, although possible, would require a very special 
3 condition that the electron velocity be of the order of 10 

times greater than and in the opposite direction of the ion 
velocity. 

However, if we can demand that the collision frequencies 
between electrons and neutrals and between ions and neutrals 
be sufficiently small so that the drag forces arising due to 
collision be negligible as compared to the pressure gradient, 
gravity and Lorentz forces, it is possible to derive equation 
( 2 6 )  without imposing any restriction on the velocities of elec- 
trons and ions. We believe that this assumption is more realistic 
in the upper F-region where the gyro-frequencies of electrons 
and ions are much greater than their corresponding collision 
frequencies. 

Although the collision frequency assumption is physically 
more desirable, it prevents us from obtaining a simple expression 
for Ve or vi . Instead, we must return to the original 
equations of motion, (4) and (5), and solve for Ge and 3, 
explicitly, as has been carried out in the appendix in C-I. 
Unfortunately this introduces a very serious complication in 
the work because of the difficulty in eliminating electric field 
froni the expressions of se and 5, without making specific as- 
sumptions about the relationship between ve and vi. 
cations of these assumptions will be discussed in the latter 

1 1  1 1  

4 4 The impli- . 
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part of this paper. 
discuss the physical implications of equation (26). 

In the following section we proceed to 

THE ELECTRON DENSITY DISTRIBUTION WITH A VARIABLE 
SCALE HEIGHT 

Equation (26) can be integrated along a field line to provide 
the general solution 

However, if we treat T and mi constant but recognize that g 
is proportional to l/r , Hi is then proportional to r2, and we 
obtain 

2 

In both cases, f(ro,r/2) is an arbitrary function of height 
at the equator which cannot be determined by the equations of 
motion from which (31) or (32) are derived. The function 
f(royT/2) must therefore be given as a boundary condition in 
this problem and can only be determined empirically or by use 
of additional equations governing the physics of the problem. 

Since (31) or  (32) depend exclusively upon the eqpations 
of motion, it appears that an additional equation, sqch as the 
continuity equation, should lead to the desired boundary con- 
dition. Unfortunately, as we will show in the next section, 
the derivation and solution of the continuity equation depend 
upon a knowledge of . Thus, the complexity of the problem 
becomes quite formidable and it is difficult t Q  anticipate a 
simple method of solution at this time. 
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Instead we depend upon an empirical type boundary condi- 
tion, which may very well be the solution of the correct conti- 
nuity equation, to derive the explicit form of the electroo 
density distribution. 

The incorporation of a Chapman distribution for the boundary 
condition in (31) leads to the results obtained in GKS. Since 
such a boundary condition can only be considered as a rough 
approximation to the shape of the actual vertical electron density 
distribution at the equator, it is desirable to employ an analytic 
boundary condition which more closely resembles the true height 
profiles. Chandra (1963) has proposed a modified form of the 
Chapman function which includes the effect of variable scale 
height and which is found to fit the measured vertical distri- 
bution for electron density at mid-latitudes far more accurately 
than the simple Chapman form. We assume here that such a function 
also describes the vertical electron density distribution at the 
equator. We can then write 

f(ro,rr/2) = Nr 
ro - r 

H~[I - CY exp(-a, 

mo exp '/z (1 - 
bo - r 1 

mo I ]  
mo 

2H0 

3) 
ro - r 

2 H  [l - CY exp(- 

mo - exp [- 
r""',] 

a ( r 0  - 
0 

2H0 

where Ho is the scale height of the ionic constituent and N, mo 
is the value of electron density at the equatorial height rmo. 
The parameter CY, which is a measure of departure from the simple 
Chapman function, and thereby a shape factor,is defined as 

(33) 

, 
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. 

A l s o ,  ro m o  where H(rmo) is t h a t  value of H ( r o )  a t  ro = r 
is understood t o  be t h e  r a d i a l  he ight  s p e c i f i c a l l y  a t  0 = n/2. 

Although it w i l l  not be shown here ,  (31) and (32) produce 
nea r ly  i d e n t i c a l  r e s u l t s  i n  t h e  e q u a t o r i a l  region because t h e  
smal l  v a r i a t i o n  of r i n  t h e  height  reg ion  of our i n t e r e s t .  
Furthermore, t h e  s i m p l i f i e d  form given by (31) is more convenient 
f o r  comparison wi th  t h e  r e s u l t s  of t h e  GICS paper. 
s u b s t i t u t e  (33) i n t o  (31) and obta in  

We t h e r e f o r e  

2 r cot 0 2 r csc O - r m o  
N ( r , 0 )  = Nr exp 1/2 {l - + 

cy (r csc20-r Hi m o  
H~[ 1 - exp(- 2H0 

2 

I) 
r csc 8-r  - exp[- mo 

51 cy (r csc28-rmo 

2H0 
Z H ~ [  1 - 0 exp(- 

(35) 

Equation (35) then provides  a genera l  expression f o r  t h e  e l e c t r o n  
dens i ty  a t  a l l  he igh t s  and c o l a t i t u d e s  provided t h a t  w e  a r e  
i n  a reg ion  where the e f f e c t s  of c o l l i s i o n  can be neglected.  

The v a r i a t i o n  of N(h,B)/N wi th  c o l a t i t u d e  a t  cons tan t  
he ight  is shown i n  Figuresl-4 f o r  var ious  va lues  of cy,hmo and 

a l t i t u d e  h by t ak ing  t h e  e a r t h ' s  r a d i u s  a s  6370 km. W e  have 
a l s o  assumed t h a t  Ho = H. because t h e  e f f e c t i v e  s c a l e  he ight  
i n  (33) approaches Ho a t  high a l t i t u d e s  and Chandra (1963) 
has ind ica t ed  t h a t  Ho becomes equal  t o  Hi a t  t h e s e  a l t i t u d e s .  

hmo 

I n  these  f i g u r e s .  w e  have converted r a d i a l  he ight  r t o  HO . 
1 



- 12 - 

We f i rs t  note  t h a t  t h e  b a s i c  f e a t u r e s  of t h e  t h e o r e t i c a l  
e l e c t r o n  dens i ty  d i s t r i b u t i o n  a r e  u n a l t e r e d  from those  f i r s t  
obta ined  i n  GKS t o  desc r ibe  t h e  geomagnetic anomaly i n  t h e  
v i c i n i t y  of t h e  equator .  Once aga in  t h e  t h e o r e t i c a l  d e s c r i p t i o n  
breaks  down i n  t h e  bottomside bu t  t h i s  is p r e c i s e l y  t h e  reg ion  
where t h e  neglect of momentum t r a n s f e r  terms becomes in -va l id .  
Furthermore, comparison of F igures  3 and 4 c l e a r l y  shows t h e  
i n s e n s i t i v i t y  of t h e  tops ide  r e s u l t s  t o  t h e  parameters hmo and 
Ho (except f o r  s h i f t i n g  t h e  cons t an t  he ight  p r o f i l e  s c a l e  
v e r t i c a l l y ) .  We t h e r e f o r e  conclude t h e  p r i n c i p a l  p r o p e r t i e s  
of t h e  curves can be s t u d i e d  q u i t e  ex tens ive ly  by simply a l t e r i n g  
t h e  shape f a c t o r  CY. 

of F igu res  1, 2 and 3. We have a l s o  provided a more d e t a i l e d  
comparison f o r  one p a r t i c u l a r  he ight  p r o f i l e  i n  F igure  5 .  A l -  
though w e  have included va lues  up t o  CY = 0 . 6  t o  demonstrate 
t h e  t r e n d  of t h e  curves ,  t h e  h ighes t  va lues  a r e  extreme and 
not l i k e l y  t o  be r e p r e s e n t a t i v e  of ionospher ic  condi t ions .  On 
t h e  o ther  hand, CY = 0.1 t o  CY = 0.4 a r e  very reasonable  va lues  
f o r  u s  t o  expect under normal cond i t ions  r e p r e s e n t i n g  d i u r n a l  
and s o l a r  cycle  v a r i a t i o n s .  

F i n a l l y ,  i n  equat ion  (35), i f  w e  i d e n t i f y  t h e  t e r m  
H0[l-a exp(- a ( r  csc20-rmo)/2H 0 )]  wi th  l / k  of t h e  GKS paper ,  w e  
see t h a t  s i n c e  (Y is p o s i t i v e ,  kHi>l is t r u e  for  a l l  he igh t s .  
I n  p a r t i c u l a r ,  if CY = 0,  w e  genera te  curves  which a r e  i d e n t i c a l  
t o  t h o s e  i n  GKS f o r  kHi=l. Th i s  e x p l a i n s  why kHi>l provides  
t h e  c l o s e s t f i t  w i t h  experimental  d a t a  i n  t h a t  paper. 

The changes due t o  v a r i a t i o n s  i n  a a r e  shown by comparison 

PROBLEMS INVOLVED I N  THE DERIVATION OF THE DIFFUSION EQUATION 

I n  the  previous s e c t i o n s  w e  have seen  how t h e  equat ions  
of motion for e l e c t r o n s  and ions  a r e  s u f f i c i e n t  t o  o b t a i n  a 
t h e o r e t i c a l  d e s c r i p t i o n  of t h e  e l e c t r o n  dens i ty  d i s t r i b u t i o n  
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in the topside equatorial region of the ionosphere under equinox 
conditions. This has required us to make certain assumptions 
concerning collision frequencies or velocity components along 
field lines and also forced the application of an empirical 
boundary condition at the equator. In order to produce the 
empirical boundary condition theoretically and also obtain a 
solution which is valid in both the topside and bottomside 
equatorial F region, it is necessary to turn to the continuity 
equation for additional information. Using the explicit ex- 
pressions for velocity which are derivable from the equations 
of motion, it is then possible to derive the diffusion equations 
associated with the ionosphere. 

If we simply require total ambipolar diffusion (equation 1) 
to occur in the ionosphere so that 5 is independent of the 
electric field explicitly, and also demand that, in all regions 
concerned, the motion along field lines are much larger than 
the drifts normal to field lines, we must then invoke 3 x 3 = 0 

which, using (4), (5) and (28), gives the constraint equation 

-- 1 a N  + - - - -  1 -  aN cot e N ar 2H N rae 

This leads to a hydrostatic distribution of electron density 
which does notagree with measured results, as has been demon- 
strated in C-I. A second approach (Kendall, 1962, and GS-11) 
is the assumption that ambipolar diffusion exists only along 
field lines (see equation (19)). Thus, if we assume that the 
parallel velocity components of electron and ion velocity are 
equal and much greater than either of the unequal perpendicular 
velocity components, we can write (28) as a good approximation 
for the ectire velocity. In mathematical notation, we have 

“v . Ii = p,J = v  % V e , V i  
1 L 11  

(37) 
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t h e  perpendicular  components of e l e c t r o n  

v e l o c i t i e s  r e spec t ive ly .  Th i s  impl ies  t h a t  

(3 8 )  
- -# 3 

v w v  
1 1  

and provides us  w i t h  a ve loc i ty  expression independent of e l e c t r i c  
f i e l d .  The genera l  content ion has been t h a t  (38) allows us  t o  
w r i t e  t h e  steady-state con t inu i ty  equat ion i n  t h e  fol lowing form: 

(39 
4 4 

Q - L = V . N V , V . N V  
1 1  

where Q and L a r e  production and loss r e spec t ive ly .  The procedure 
has been t o  s u b s t i t u t e  (20) Lnto (39) and o b t a i n  t h e  w e l l  known 
form of the two dimensional d i f f u s i o n  equat ioa  without invoking 
t h e  equation of c o n s t r a i n t  (36). 

We wish t o  d i scuss  t h i s  approach by f irst  ques t ian ing  the 
v a l i d i t y  of (37), and then demonstrating t h a t  even i f  i t  were 
t r u e ,  (38) cannot i n  gene ra l  imply (39) without t h e  a d d i t i o n a l  
i nc lus ion  of t h e  c o n s t r a i n t  equation. This  w i l l  demonstrate 
t h a t  t h e  f i e l d  l i n e  ambipolar d i f f u s i o n  approach with neglec t  
of t h e  perpendicular v e l o c i t y  components is i d e n t i c a l  t o  t h e  
t o t a l  ambipolar d i f f u s i o n  case i n  which v e l o c i t i e s  a r e  assumed 
t o  l i e  along f i e l d  l i n e s .  Thus, t h e  r e s u l t s  of the two approaches 
a r e  i d e n t i c a l ,  leading t o  t h e  conclusion t h a t  ambipolar d i f f u s i o n  
i n  which t h e  macroscopic ve loc i ty  l i e s  along a f i e l d  l i n e ,  
cannot be the  c o r r e c t  phys ica l  model t o  desc r ibe  t h e  e q u a t o r i a l  
e l e c t r o n  densi ty  d i s t r i b u t i o n  i n  t h e  F reg ion  of t h e  ionosphere.  

t h e  assumption of d i f f u s i v e  equi l ibr ium along a f i e l d  l i n e  
(v = 0) leads t o  a c o r r e c t  d e s c r i p t i o n  of t h e  e l e c t r o n  dens i ty  
i n  a t  l e a s t  t h e  tops ide  region of t h e  ionosphere.  I f  t h i s  is  

L e t  us f i r s t  consider  (37). We have a l ready  seen t h a t  

1 1  
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the  t r u e  model of t h e  phys ica l  s i t u a t i o n ,  then  it is i n c o n s i s t e n t  
w i t h  (37) acd w e  cannot expect any r e s u l t s  obtained using (37) 
t o  provide us wi th  correct r e s u l t s  concerning t h i s  region. If ,  
on the  other hand, t he  neglec t  of momentum t r a n s f e r  terms can 
be a t t r i b u t e d  t o  small c o l l i s i o n  f requencies  i n s t e a d  of d i f f u s i v e  
equi l ibr ium,  (37) need not be violated.  Th i s  might be a f u r t h e r  
j u s t i f i c a t i o n  f o r  v a l i d a t i n g  t h e  c o l l i s i o n  frequency assumption 
i n s t e a d  of the d i f f u s i v e  equi l ibr ium model. Unfortunately,  a s  
w e  approach t h e  equator ,  w e  s e e  from (20) t h a t  v approaches 
zero s i n c e  both  s i n  I and aN/b0 approach zero. The l a t t e r  
cond i t ion  is based s t r i c t l y u p o n t h e  empir ica l  condi t ion  of symmetry 
about t he  equator.  W e  therefore f i n d  t h a t  no matter  how small 
V e  and v may be,  there w i l l  always be a reg ion  about t h e  
equator  i n  which (37) does n o t  apply un le s s  

1 1  

i iL 

which is i d e n t i c a l  t o  t h e  
W e  now r e t u r n  t o  the  

ve - - vi = 0 

f A 

equation of c o n s t r a i n t ,  (36). 
second quest ion.  That is, even i f  

(40) 

the  p a r a l l e l  components of e l ec t ron  and ion  v e l o c i t i e s  a r e  much 
g r e a t e r  than the perpendicular component, which could s t i l l  be 
p o s s i b l e  provided v # v .  , is i t  possible t o  desc r ibe  t h e  
e l e c t r o n  d e c s i t y  d i s t r i b u t i o n s  i n  t h e  e n t i r e  r eg ion  of the 
ioncsphere by (39)? W e  note  t h a t  

el 1 3 1  

4 * 
V . N v . = ?  . VN + NV . v = (3 + t ) . VN + NV . (3 +? ) (41) 

1 1  a. 1 1 1  

where 3 is now e i t h e r  the  e l ec t ron  or i o n  v e l o c i t y  and 

Now, i n  order  t o  w r i t e  (39), we must demand t h a t  
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+ + + v . V N + N V . v  > > “ v  . V N + N V . v ,  
1 1  1 1  1 (43 1 

Although (43) could be t r u e  f o r  c e r t a i n  s p e c i a l  c a s e s ,  t h e r e  is 
no a p r i o r i  guarantee t h a t  (43) w i l l  be implied by (37) i n  
genera l  without t h e  a d d i t i o n a l  cond i t ion  t h a t  v = 0. Thus , 
if w e  a r e  t o  write (39) a s  a d i r e c t  and g e n e r a l  imp l i ca t ion  of 
(37), w e  a r e  once aga in  fo rced  t o  employ t h e  c o n s t r a i n t  equat ion.  

We cannot s t a t e  t h a t  (40) holds  i n  a very smal l  r eg ion  
about t h e  equator so t h a t  i ts effect  o u t s i d e  t h i s  r eg ion  can 
be neglected.  The geomagnetic anomaly i t s e l f  is a second order  
e f f e c t  and w e  cannot expect t o  reproduce i t  by neg lec t ing  
second order terms which a r e  r e spons ib l e  f o r  i ts existence. 

i 

We t h e r e f o r e  f i n d  t h a t  i f  ambix>olar d i f f u s i o n  ex i s t s  i n  
t h e  ionosphere, and i f  i t  is r e s t r i c t e d  t o  t h e  f i e l d  l i n e  
d i r e c t i o n ,  w e  cannot assume (37) without  imposing an  a d d i t i o n a l  
c o n s t r a i n t  equation. Furthermore, (37) does not gene ra l ly  imply 
(39) i n  the  ionosphere w i t h  or without ambipolar d i f f u s i o n  
u n l e s s  t h e  c o n s t r a i n t  equat ion  is a l s o  employed. However, s i n c e  
(37), (39), and t h e  assumption of ambipolar d i f f u s i o n  along a 
f i e l d  l i n e  do not provide t o  t h e  correct d e s c r i p t i o n  of equa- 
t o r i a l  e l e c t r o n  dens i ty ,  w e  must conclude t h a t  t h e s e  assumptions 
a r e  not v a l i d  i n  a theory l ead ing  t o  a d e s c r i p t i o n  of t h e  e l e c t r o n  
dens i ty  d i s t r i b u t i o n  i n  t h e  e q u a t o r i a l  ionosphere.  

Kendall (1962), and Rishbeth,  Lyon and P e a r t  (1963), have 
at tempted to numerically i n t e g r a t e  (38) der ived  from (20) and 
(37), without invoking t h e  equat ion  of c o n s t r a i n t .  They have 
been unable t o  o b t a i n  t h e  correct d e s c r i p t i o n  of t h e  ge3magnetic 
anomaly and have t h e r e f o r e  concluded t h a t  d i f f u s i o n  may not be 

a very important phys i ca l  p rocess  governing t h e  measured d i s -  
t r i b u t i o n  of e l e c t r o n  dens i ty .  However, on t h e  b a s i s  of t h e  
d i scuss ion  presented  i n  t h i s  s e c t i o n ,  i t  n ~ w  appears  t h a t  t h e  
phys ica l  assumptions used i n  d e r i v i n g  t h e  form of t h e  c o n t i n u i t y  
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equation used in their work may not be Valid, which simply 
implies that the diffusion equation is far more complicated 
than originally believed. Since (19) and (37) are no longer 
valid, we can no longer equate electron and ion velocities 
to eliminate electric field. Instead, we must write separate 
continuity equations for electrons and ions and describe the 
behavior of electric field before it is possible to obtain the 
correct theoretical description of the geomagnetic anomaly. 

It may appear that the results presented in GS-I1 are 
also not valid for the reasons discussed above. However, a 
closer inspection of GS-I1 shows that no new information was 
obtained from the solution of continuity equation than that 
already available from the equations of motion. The equation 
discussed in GS-I1 was simply 

0 . N ;  = O  
1 1  

where the explicit production and loss terms were neglected in 
obtaining the series solution. Furthermore, as shown in GKS, 

the equation of motion leading to ( 2 6 ) ,  whether derived assuming 
v = 0 ,  or by making assumptions concerning collision terms, 
has the identical solution to that obtained from (44) in GS-11. 
For the case = 0, (44) obviously cannot give any new infor- 
mation. This explains why the empirical boundary condition 
was necessary to obtain a nnn-arbitrary solution from (44) in 
GS-11. We should point out, however, that solutions of (39) 
making use of explicit production and loss terms should not 
give correct results in the equatorial regions of the ionosphere for 
the reasons discussed in this section. 

4 

1 1  

1 1  

THE DISTRIBUTION OF THE NEUI'RAL ATmSPIERE 

In this section we will show that when the drag forces 
are not negligible, as might be the case in the lower F-region 
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and E-region, it is poss ib l e  t o  s tudy  t h e  behavior  of t h e  n e u t r a l  
atmosphere without imposing any r e s t r i c t i o n  on t h e  v e l o c i t i e s  
of t h e  var ious  c o n s t i t u e n t s .  To o b t a i n  t h e  necessary s t a r t i n g  
equat ion ,  we first sum (3) , (4) and (5) : 

-v(p, + pi + pn) + (nn mn + Nmi) “g + 3 x 8 = 0 (45) 

where w e  have once aga in  used (14). The component of (45) a long  
t h e  d i r e c t i o n  of magnetic f i e l d  is then  

[-v(pe + pi + pn> + (mn nn + mi N) 21 . Ii = o 

Comparison of (45) and (46) shows t h a t  t h e  ne t  f o r c e  due t o  
p re s su re  grad ien t  and g r a v i t y  of a l l  p a r t i c l e s  is perpendicular  
t o  t h e  magnetic f i e l d  and balanced by a c u r r e n t  flow force. 
Next, us ing  (7 ) ,  (8), (91, (18) and (281, w e  have 

a(nn + 2N) t a n  0 a b n  + 2N) n N 

a r  r a e  Hn Hi 

+ + -  n + - = o  

where Hn i s  t h e  s c a l e  he ight  of t h e  n e u t r a l  atmosphere. 
Since N << nn and Hi M Hn, w e  can w r i t e  

n N n N n + 2N 
+ H M  - + - = -  

Hn Hi Hn n Hn 

where t h e  s u f f i x  on n has been dropped f o r  s i m p l i c i t y .  
(47) becomes, i n  t o t a l  d e r i v a t i v e  form, 

d (9  -!- 23) 
dr  

n 3. 2N +”= 0 
m 

(47) 

(48) 

Then 

(49) 

I n t e g r a t i o n  of (49) along t h e  f i e l d  l i n e  g i v e s  
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where g(ro,n/2) is an a r b i t r a r y  func t ion  of height  a t  t h e  equator 
and ro is def ined  i n  (27). I f  w e  now demand t h a t  t h e  r a d i a l  
d i s t r i b u t i o n  of t h e  n e u t r a l s  obey t h e  normal hydros t a t i c  law 
a t  t h e  equator ,  so t h a t  

where noo is t h e  n e u t r a l  number dens i ty  a t  he ight  roo on t h e  
equator  , then  

a r e s u l t  which is e n t i r e l y  independent of 0 .  I f ,  on t h e  o t h e r  
hand, g(ro,n/2) is perturbed i n  any manner from t h e  exac t  hydro- 
s t a t i c  equi l ibr ium case, w e  w i l l  o b t a i n  a d i s t r i b u t i o n  f o r  n 
which does depend on 0 .  The o r i g i n  of t h i s  angular dependence 
on t h e  n e u t r a l s  may s e e m  somewhat s u r p r i s i n g  u n t i l  w e  r e a l i z e  
t h a t  i n  s e l e c t i n g  a func t iona l  form for  g(ro,n/2) ,  any dev ia t ion  
i n  t h e  e q u a t o r i a l  n e u t r a l  d i s t r i b u t i o n  from h y d r o s t a t i c  equi- 
l ib r ium must a r i s e  due t o  c o l l i s i o c s  between n e u t r a l s  and geo- 
magnet ical ly  c o n t r o l l e d  charged p a r t i c l e s .  Thus, i f  t h e  col- 
l i s i o n s  between n e u t r a l s  and charged p a r t i c l e s  a r e  s u f f i c i e n t l y  
l a r g e  t o  make the  momentum t r a n s f e r  f o r c e s  between charged and 
n e u t r a l  p a r t i c l e s  important,  t h e  n e u t r a l s  w i l l  begin t o  tend  
toward t h e  angular d i s t r i b u t i o n  of t h e  geomagnetically c o n t r o l l e d  
p a r t i c l e s .  This  can a l s o  be seen  from (3), where it is obvious 
t h a t  w e  w i l l  not ob ta in  the exact h y d r o s t a t i c  d i s t r i b u t i o n  i n  
a r eg ion  when t h e  terms on t h e  l e f t  hand s i d e  become important.  
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On this basis, we might expect to observe angular variations 
of the neutral distribution in the bottomside regions of the 
ionosphere where charged-neutral particle interactions become 
important. 

CONCLUSIONS 

From the discussion and results of this paper, we have 

1. From the equations of motion, it is possible to derive 
shown the following: 

an expression for the electron-density distribution along a 
field line either by assuming diffusive equilibrium alozg the 
direction of the magnetic field or by neglecting the drag forces 
arising from collisions. The latter assumption appears to be 
more realistic in the topside of the ionosphere. In either case, 
it is necessary to assume a radial distribution at the equator 

I to obtain the electron density distribution. 
2. We have provided a more accurate formula for the repre- 

sentation of the equinox geomagnetic anomaly than that produced 
in GKS.  Since the empirical boundary condition equation used 
herein has been shown by Chandra (1963) to fit nearly all vertical 
profiles of electron density measured to date, we can safely 
assume that the proper selection of parameters in this formula 
will lead to a reasonable reproduction of the anomaly in any 
equatorial region of the ionosphere where interactions of neutrals 
with charged particles are small because of infrequent collisions. 

3. The theory discussed above is semiphenomenological; 
i.e., it is based on effect and not cause. It does not require 
a knowledge of the complicated array of physical effects and 
mechanisms which combine to form the geomagnetic anomaly but, 
instead, uses an empirical boundary condition which is the 
accumulated effect of all these causeso 

Naturally, if we are to increase our knowledge of 
the basic mechanisms causing the anomaly and thereby replace 

, 
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the empirical boundary condition by one based on more funda- 
mental considerations than measurement, we must turn to the 
equations of continuity. Unfortunately, the derivation of 
the correct continuity equations requires knowledge concerning 
the electron and ion velocities and/or the electric fields actrng 
on these particles. Currently, most derivations of the conti- 
nuity equations employ simplifying assumptions, such as 
V = v. = vll; vll >> v , v. . The equation derived in 
the literature under the above assumptions has been numerically 
integrated by several workers to obtain a theoretical electron 
density distribution near the equator under steady state condi- 
tions. The results obtained by these workers have been unable 
to account for the gross features of the geomagnetic anomaly, 
at least to the correct order of magnitude. This has lead them 
to believe that diffusion is of minor importance in governing 
the geomagnetic anomaly. 

tions described above do not lead to the proper description 
of the geomagnetic anomaly. We therefore feel that the assump- 
tion about velocities used in the continuity equation rather 
than the ineffectiveness of motions are responsible for the 
unsatisfactory description of the geomagnetic anomaly obtained 
by others. 

led us to the conclusion that geomagnetic control of neutrals 
occurs in any region of the ionosphere where interactions of 
neutrals with charged particles become important. Since this 
is most likely to occur in the lower F region of the ionosphere 
we suggest that such geomagnetic control of the neutrals might 
be observable in this region. 

%l 11 1 

We have been able to demonstrate that the velocity assump- 

4. A study of the neutral atmosphere distribution has 
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Relative Elec t ron  Density VS. Co la t i t ude  f o r  
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